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Problématique

n <- 500
K <- 5
mu <- suppressWarnings(matrix(rep(c(1,0),ceiling(K**2/2)), K,K))
image(mu[K:1,1:K],col=mypalette,xaxt="n",yaxt="n")
require(blockseg)
output <- rblockdata(n,mu,sigma=2)
image(output$Y[n:1,1:n],col=mypalette,xaxt="n",yaxt="n")

2/24



Introduction Model Pratical Perspectives Références

Problématique

n <- 500
K <- 5
mu <- suppressWarnings(matrix(rep(c(1,0),ceiling(K**2/2)), K,K))
image(mu[K:1,1:K],col=mypalette,xaxt="n",yaxt="n")
require(blockseg)
output <- rblockdata(n,mu,sigma=2)
image(output$Y[n:1,1:n],col=mypalette,xaxt="n",yaxt="n")

2/24



Introduction Model Pratical Perspectives Références

3/24



Introduction Model Pratical Perspectives Références

Plan

1 Model and method

2 Pratical use
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Model

Let Y = (Yi,j)1≤i,j≤n be the random matrix defined by

Y = U + E,

where U = (Ui,j) is a blockwise constant matrix such that

Ui,j = µ?k,` if t?1,k−1 ≤ i ≤ t?1,k − 1 and t?2,`−1 ≤ j ≤ t?2,` − 1,

with the convention t?1,0 = t?2,0 = 1 and t?1,K?1 +1 = t?2,K?2 +1 = n + 1.
The entries Ei,j of the matrix E = (Ei,j)1≤i,j≤n are iid zero-mean
random variables.
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Trick

U = TBT>

T =
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. . .
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with µ?k,` =
k∑

i=1

∑̀
j=1

Bt?1,i ,t
?
2,j
.
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Vectorisation

Y = TBT> + E

is equivalent to
Vec(Y) = Vec(TBT>) + Vec(E)

with
Vec(TBT>) =

(
T>
> ⊗ T

)
Vec(B) = (T⊗ T)Vec(B)

and we obtain
Y︸︷︷︸

n2×1

= X︸︷︷︸
n2×n2

B︸︷︷︸
n2×1

+ E︸︷︷︸
n2×1

.

Kronecker product
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Least Absolute Shrinkage and Selection Operator
(LASSO)

For all λn ≥ 0, we define

B̂(λn) = Argmin
B∈Rn2

{
‖Y − XB‖2

2 + λn‖B‖1
}

and the active set

Â(λn) =
{

j ∈ {1, . . . ,n2} : B̂j(λn) 6= 0
}

A reminder on the norm
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Least Absolute Shrinkage and Selection Operator
(LASSO)

For all λn ≥ 0, we define

B̂(0) = Argmin
B∈Rn2

{
‖Y − XB‖2

2 + λn‖B‖1
}

and the active set

Â(0) =
{

j ∈ {1, . . . ,n2} : B̂j(λn) 6= 0
}
≈ {1, . . . ,n2}
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Least Absolute Shrinkage and Selection Operator
(LASSO)

For all λn ≥ 0, we define

B̂(+∞) = Argmin
B∈Rn2

{
‖Y − XB‖2

2 + λn‖B‖1
}

and the active set

Â(+∞) =
{

j ∈ {1, . . . ,n2} : B̂j(λn) 6= 0
}
= ∅

A reminder on the norm
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Estimation of break change-point



1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16



qa + 1

⇔


1 5 9 13
2 6 10 14
3 7 11 15
4 8 12 16

ra+1

∀a ∈ Â(λn), we define (qa, ra) as the Euclidean division
of (a− 1) by n, namely (a− 1) = nqa + ra then

t̂1 = (̂t1,k )1≤k≤|Â1(λn)| ∈ Â1(λn) = {ra + 1 : a ∈ Â(λn)},

t̂2 = (̂t2,`)1≤`≤|Â2(λn)| ∈ Â2(λn) = {qa + 1 : a ∈ Â(λn)}

where t̂1,1 < t̂1,2 < · · · < t̂1,|Â1(λn)|,

and t̂2,1 < t̂2,2 < · · · < t̂2,|Â2(λn)|.
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11/24



Introduction Model Pratical Perspectives Références

Estimation of break change-point



·
·
·
·
·
·
·
·
·
a
·
·
·
·
·
·



qa + 1

⇔


· · · ·
· · a ·
· · · ·
· · · ·

ra+1

For example, a=10
10− 1 = 9 = 4× 2 + 1
2+1=3 and 1+1=2
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Gray version
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https://www.youtube.com/watch?v=naT3Akl4Vqo
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res <- blockSeg(Y, max.break = floor(min(ncol(Y),
nrow(Y))/10 + 1), max.var = floor(ncol(Y)ˆ2/2),
verbose = TRUE, Beta = FALSE)
plot(res,Y,col="color")
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res <- blockSeg(Y, 50
, max.var = floor(ncol(Y)ˆ2/2),

verbose = TRUE, Beta = FALSE)
plot(res,Y,col="color")
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Plot

lambda=res@Lambda[c(1:10)]
plot(x , y, lambda = NULL ,ask = TRUE, col =

"GrayLevel", ...)
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Plot

lambda=res@Lambda[c(1:10)]
plot(res, Y, lambda = lambda,ask = TRUE, col =

"Color" , ...)
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Stability selection

Stability selection :

Input : data vector Y ∈Mn2×1, an integer M ∈ N?, a pair of numbers
(K ?

1 ,K
?
2 ) ∈ {1, . . . ,n}2.

For iter ∈ {1, . . . ,M}

Chose randomly ind (iter) =
{

i1, . . . , in2/2
}
⊂ {1, . . . ,n2}.

Use the procedure with (K ?
1 ,K

?
2 ) change-points on the data

Yind (iter) to obtain
(̂

t(iter)
1 , t̂(iter)

2

)
.

Output : Sequence of couples
(̂

t(iter)
1 , t̂(iter)

2

)
recorded at each

iteration or only the couple of change-points appearing a number of
times larger than a given threshold.
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Adaptation
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
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Adaptation
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Adaptation stability selection

Stability selection :

Input : data matrix Y ∈Mn×n, an integer M ∈ N?, a pair of numbers
(K ?

1 ,K
?
2 ) ∈ {1, . . . ,n}2.

For iter ∈ {1, . . . ,M}

Choose randomly ind (iter)
1 =

{
i(1)1 , . . . , i(1)n/2

}
⊂ {1, . . . ,n} and

ind (iter)
2 =

{
i(2)1 , . . . , i(2)n/2

}
⊂ {1, . . . ,n}.

Use the procedure with (K ?
1 ,K

?
2 ) change-points on the data

Yind (iter)
1 ,ind (iter)

2
to obtain

(
N(iter)

1 ,N(iter)
2

)
the number of times that

each change-point of {1, . . . ,n}2 was selected.

Output : Sequence of couple of numbers
(

N(iter)
1 ,N(iter)

2

)
recorded at

each iteration.
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select=stab.blockSeg(Y,nsimu=1000,max.break = 10)
plot(select,Y,col="color")
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select=stab.blockSeg(Y,nsimu=1000,max.break = 10)
plot(select,Y,col="color")
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evolution(x , y, thresholds = 10 * (8:1),
postprocessing = list(post = TRUE, adjacent = 2),
col = "GrayLevel", ask = TRUE)
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evolution(select, Y, thresholds = 10 * (8:1),
postprocessing = list(post = TRUE, adjacent = 2),
col = "Color" , ask = TRUE)
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Perspectives

Improvement the function plot.
Inclusion of the case where n1 6= n2.
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Thank you for your attention
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Let A ∈Mn×m(R) and B ∈Mp×q(R) two matrices, the kronecker
product of A and B is a matrix (np)× (mq) satisfying :

A⊗ B=


a11B a12B · · · a1nB
a21B a22B · · · a2mB

...
...

. . .
...

an1B an2B · · · anmB



=



a11b11 a11b12 · · · a11b1q a12b11 · · · · · · a1mb11 · · · a1mb1q
a11b21 a11b22 · · · a11b2q a12b21 · · · · · · a1mb21 · · · a1mb2q

...
...

. . .
...

...
...

. . .
...

a11bp1 a11bp2 · · · a11bpq a12bp1 · · · · · · a1mbp1 · · · a1mbpq
...

...
...

...
. . .

...
...

...
...

...
...

. . .
...

...
an1b11 an1b12 · · · an1b1q an2b11 · · · · · · anmb11 · · · anmb1q

...
...

. . .
...

...
...

. . .
...

an1bp1 an1bp2 · · · an1bpq an2bp1 · · · · · · anmbp1 · · · anmbpq


.

Return vectorisation
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X = T⊗ T

=



T 0 0 · · · 0
T T 0 · · · 0
...

. . . . . .
...

...
. . . 0

T · · · · · · T


Return vectorisation
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‖u‖2
2 is defined for a vector u in RN by

‖u‖2
2 =

N∑
i=1

u2
i

and ‖u‖1 is defined for a vector u in RN by

‖u‖1 =
N∑

i=1

|ui |.

Return LASSO
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Colour version
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https://www.youtube.com/watch?v=R1x8WN4d3IE
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